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Abstract

In this paper, we propose estimating multiple break-points in panel data with fixed effects
by ordinary least-squares. We show that, despite the endogeneity bias of the slope estimators,
the break-point estimators are consistent as N — oo provided a reasonable time homogeneity
condition holds. We also propose an information criterion that selects the true number of
breaks with probability one in the limit.

In addition to multiple breaks, we allow for time dependence in the errors. These two
features may decrease the asymptotic efficiency of the usual fixed-effects slope estimators
relative to other estimators. We study two other slope estimators and show that their relative
efficiency may be higher than of the usual fixed-effects estimator even for iid data. We illustrate

our findings via a simulation study. !

1 Introduction

This paper proposes estimating multiple break-points in panel data models with fixed effects
via ordinary least-squares (OLS). Typically, OLS slope estimators are inconsistent due to the
unobserved, individual heterogeneity bias. However, we show that as long as a reasonable time-
homogeneity condition holds, this bias has no impact on the consistent estimation of break-points.

There is a growing literature on estimation of common break-points in panel data models.
Breaks in panels may be due to financial crises, policy changes, housing bubbles, technological

changes, to mention just a few causes.
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Regarding break-point detection, Emerson and Kao (2001, 2002) and de Wachter and Tzavalis
(2012) propose tests for the presence of breaks in (dynamic) panel data models and derive their
asymptotic distribution. Regarding break-point estimation, there are different methods that
were recently proposed. Using a panel data model with no covariates, Bai (2010) shows that the
common break can be treated as a mean-shift and estimated via OLS. Feng, Kao and Lazarova
(2009) and Baltagi, Kao and Liu (2015) propose OLS estimation of one common break in the slope
parameters of a panel data regression model without individual specific effects. In the presence
of fixed effects, they propose first-differencing (FD) the data prior to break point estimation;
Baltagi, Kao and Liu (2015) show that the break-point estimator on the first-differenced data is
consistent for N,T'" — oo. Adaptive group-fused LASSO (AGFL) estimators of the break-points
in the first-differenced data are proposed in Qian and Su (2016). They derive conditions under
which the adaptive group fused LASSO delivers the true number and location of break-points
with probability one in the limit, with N — oo and T fixed or T — oco. Qian and Su (2016)
also derive the asymptotic properties of the post-LASSO first-difference parameter estimators
with N — oo and T fixed or T — oo. All these studies assume no cross section dependence
and homogeneous panels. For cross-section dependence in the form of interactive fixed effects
(heterogeneous panels), Li, Qian and Su (2015) propose estimating the number and location of
break-points via a penalized principal component estimation with AGFL, and show that their
method detects the true number and location of break-points with probability tending to one as
N — oo. Baltagi, Feng and Kao (2016) allow for heterogeneous (random coefficient) slopes with
breaks and propose (common-correlated effects) CCE estimation of the multiple break-points.
They show that this method can also consistently estimate break-points, as N, T — oo.

All these papers start from the premise that since the OLS slope estimators are inconsistent
due to fixed effects, these fixed effects need to be removed before break-point estimation. In con-
trast to these studies, our paper shows that the fixed effects need not be removed for consistency
of break-point estimators.

Thus, our first contribution is to show that the OLS estimators of the break-points in ho-
mogeneous panels with fixed effects, like their AFGL or FD counterparts, are also consistent
with N — oo and T fixed, as long as a reasonable time homogeneity condition holds, known as

the Mundlak assumption.? The intuition is that even though the OLS slope estimators at each

2This time homogeneity implies that we cannot allow for lagged dependent variables. But we do allow for the
regressors and the errors to be weakly time-dependent. There are many examples where the time homogeneity



candidate break-point partition are inconsistent, the overall asymptotic bias in the OLS objective
function is the same regardless of the break-point partition considered. Therefore, the endogene-
ity bias is irrelevant for minimizing the OLS criterion over different break partitions, yielding
consistent estimators of the true break partition. A similar intuition can be found in Perron and
Yamamoto (2013) for time series, although their endogeneity source is different.

Unlike current methods, our method can also detect a break-point in the first time period,
and should be more accurate in finite samples because it doesn’t remove sample information. To
select the number of breaks, we propose an information criterion similar to BIC; we show that it
correctly detects the number of break-points with probability tending to one as N — oo and T
is fixed.

Our second contribution is to show that the presence of breaks alters the usual intuition that,
for example, the fixed-effects slope estimators are the most efficient when the data in the level
equation is weakly dependent. To our best knowledge, the efficiency of slope estimators has not
been analyzed before in the context of breaks. For example, Qian and Su (2016) and Baltagi,
Feng and Kao (2015) both propose FD estimators, but these are known to be inefficient when
the errors in the level equation are not unit root.

We assume weak time dependence in the level data and analyze three estimators and their
asymptotic distributions. All these estimators are consistent, since they are all based on removing
the fixed effects. But the way they are removed changes the underlying moment conditions
and therefore the asymptotic variance of these estimators. The first one is the conventional
fixed-effects (FE) estimator, obtained by demeaning the data before and after the break, and
estimating the slopes in each subsample with demeaned data. The other two estimators are new:
one of them (IV) uses the demeaned regressors as instruments in the level equation, and the
other (FFE) first demeans the data over the full sample rather than subsamples, then estimates
the slopes before and after the break jointly in this transformed equation. We show that with
general weak dependence patterns, they cannot be further compared; in this case, stacking the
moment conditions from the three estimators might be best. With iid mean-zero regressors and

idiosyncratic errors (the most common setting), the FFE estimator is the most efficient, and not

condition holds, or more precisely when the impact of the fixed effects on the regressors and dependent variables
does not diminish over time, especially when the number of periods is small. For example, in modelling the decision
to buy a house, the initial impression of a neighborhood may influence both the subjective valuation of the house
and the decision to buy a house in that neighborhood in the same way over different periods. In a growth regression,
the initial quality of institutions can have the same persistent impact on both corruption and growth for many
periods.



the FE estimator, because it uses more information from adjacent subsamples. If we also have
random effects instead of fixed effects, both the FFE and IV estimators are more efficient than
the FE estimator.

The rest of the paper is organized as follows. Section 2 introduces the model with individual
fixed effects and a common break. Section 3 covers the properties of the OLS break point
estimators of multiple breaks. Section 4 proposes an consistent information criterion to select the
number of breaks. Section 5 derives the asymptotic propoerties of both the OLS slope estimators
and the three estimators proposed. It also compares their asymptotic efficiency in special cases.
Section 6 studies the finite-sample properties of the break point and slope estimators. Section 7
concludes. All the proofs are relegated to the Appendix.

Notation: Matrices and vectors are denoted with bold symbolds, and scalars are not. Define
for a scalar S, the generalized vec operator vecy.s(As) = (Af,..., Ay, stacking in order the ma-
trices Ag, (s = 1,...,.5), which have the same number of columns. If S is the number of breaks, let
To =0, Tsy1 =T, with T the sample size, and let Ts = (T, vec1.,(Ts), Ts+1) be a sample par-
tition of interval [1, T into subsamples defined by 0 < 77 < Ty ... < Ts < T, and define the inter-
vals Iy = [Ts—1+1,Tg| for s =1,...,S+1. Let X = vecy.p(X;) be the NT X p matrix that stacks
X = vecy.n(z},) in order. Call X = diag(veci.7, (X¢), vecr, y1.1,(X¢), . . ., veer,, +1.7,,,, (X))
the diagonal partition of X at Tg, with Xy,..., X7 on the diagonal and the rest of the ele-
ments zero. For any random vector z, denote by || the Euclidean norm, and by ||z||, = (E|z|P)'/?

the L, norm.

2 Model

Assume that the true model is piecewise-linear with m® breaks:
Yir = T}B) + ¢i + i, tel, j=1,...,m"+1. (1)

In (1), ¢ are cross-sections, t for time, i = 1,..., N with N — oo, and t = 1,...,T, with T fixed.
Also, y;; is a scalar observed dependent variable; x;; is a p x 1 observed vector of regressors that
can be constant over time but vary across individuals; m? is the true unknown number of break-
points with 1 < m® < T — 1, T]Q, (j =1,...,m") are the true unknown break points belonging

to the sample partition TT?LO = (T3, vec .o (TJQ), TSZOH), where T = 0 and T7910+1 =T. Also, B?



are unknown p x 1 parameters of interest in intervals I]Q, (j=1,...,m%+1), where ,6'? # Y for all
s # j, and €;; are unobserved mean-zero idiosyncratic errors, uncorrelated with the unobserved
individual specific effects ¢;. We assume that ¢; are mean-zero fixed effects (E(¢;) = 0 and
E(c;zit) = a;). Random effects are a special case, when a; = 0 for all . As equation (1) suggests,
we do not include time-fixed effects in our model. If they would be included as time-dummies,
they would be equivalent to breaks in the intercept at each time-period.

Consistently estimating the number of breaks m® is important and discussed in Section 4.
For now, assume that the number of breaks m" is known, and we are interested in estimating the
unknown break-points Ty?lo and the parameters ﬁ?.

Contrary to other papers, we propose estimating the true partition T,?qo by pooled least-
squares (OLS). We show that the corresponding OLS estimator fmo is consistent when N — o0,
for any fixed T. The key assumption is Assumption 1(iv) below. It states that the limiting
cross-section average covariance between the regressors and the individual effects is constant over
time, also known as the Mundlak assumption. This assumption is trivially satisfied for random
effects, because in this case the covariance is zero for each time period. This assumption is also
reasonable for certain fixed effects settings, because there are many instances where the initial
impact of the fixed effects on the regressors is the same (initial impression, wealth, knowledge,
etc.) even when the regressors evolve over time. This is especially the case when T is small. We
do not allow for dynamics in the form of lagged dependent variables, because then, by definition
of a dynamic panel with fixed effects, the covariance between these and the individual effects
changes over time, violating Assumption 1(iv). However, we do allow for dynamics in the errors
€;t and regressors ;.

To describe the OLS break-point estimator fmo, write the model in a more compact form by
letting uy = ¢; + €i, u = vecy.r(vecy.n(uy)), B° = veclzmoH(,B]O-), y = vecy.r(vecy.y(yit)), and

X0 the diagonal partition of X at the true partition TT?LO. Then, we can write model (1) as:
y=X°8"+u. (2)

We estimate (2) by minimizing the sum of squared residuals over all sample partitions 7,0,

or regressing y on X:

min Sy (Tho) < min (NT) ™! (y _ )?EOLS(TmO))' (y _ )?BOLS(TmO)) , (3)

7YLO 7YLO



where Bors(T,o) = (X' X)Xy is the OLS estimator using T}, as the candidate partition.
Let BOLS(Tmo) = Vecl;m0+1(BOLS,j (T},0)), where the OLS estimator BOLSJ(Tmo) is the OLS
estimator for ,3?, given partition T,,0.

The minimizer of the above problem is denoted ’fmo, and we refer to it as the OLS break point
estimators. If the minimizer is not unique, we break the tie by picking the smallest minimizer as

our estimator fmo. The OLS estimator of 3° at the estimated partition is denoted by BOLS =

~

BoLs(Tyw) = vecy 0.1 (Bors,j (Thno))-

Even if the true partition Tﬁo was known, the OLS estimator B\OLS(T,%o) based on that
partition would still suffer from endogeneity bias, due to the fixed effects. However, we show below
that under the Mundlak assumption, regardless of the partition 7,0 considered, the endogeneity
bias is asymptotically the same for all ,@O 15,j(T,0), and will increase the averaged sum of squared
residuals Sy7(7T,0) by the same amount asymptotically, regardless of the partition considered.
Hence, just as in the case of no individual effects, Sy (T},0) is asymptotically uniquely minimized
at TBLO when N — oo. This is the intuition behind the consistency of the OLS break-point

estimators T),0, derived in the next section. 3

3 Break Point Estimators

In this section, consistency of the OLS break-point estimators fmo, when N — oo and T is fixed.
Rather than proceeding with high-level assumptions on the data that are difficult to verify,
as in Qian and Su (2014), Assumption A3, we chose to use simple primitive assumptions on the

data because they are easier verified by practitioners, whether intuitively or through testing.

Assumption 1. Foralli=1,...,N, andt,s=1,...,T,

(i) {x};, ci, it }1—q is independent over i;

(ii) sup;en E|zit|*t < oo for some € > 0, and N~! Zfil Elzix),] — Q, where Q is a positive
definite (pd) matriz not depending on i or t;

(iii) Elex] = 0, E[e2] = 02, sup;ey Eleir|*ts < oo for some &€ > 0, and E[z;sei] = 0;

(iv) Elc;] = 0, E[¢?] = 02, sup;en Elci|?*T¢ < oo for some € > 0, and E[zyc;] = a; , with

1 N .
WZi:la’i_)a';

3Perron and Yamamoto (2013) use a similar intuition to propose an ordinary least-squares break point estimation
method in time series models with endogenous regressors.

“If T — oo, we can allow E[x;;c;] to vary over time, and we conjecture that all our results go through, as long
as the time variation in E[x;¢c;] is o(T~7) uniformly in ¢, for some v > 0.



(v) €t is independent of ¢;.

Assumption 1(i) states that the data are independent over ¢, as in most papers on panel
break-points - Feng, Kao, Lazarova (2009), Bai (2010) and Qian and Su (2014). This applies, for
example, to survey data. As discussed before, E[x;;c;] = a; is the Mundlak assumption. Note
that this allows for the presence of time-invariant regressors.

The assumption that the (2 + £)-moments exist is a technical requirement for applying the
Weak Law of Large Numbers (WLLN). The time-homnogeneity assumption on the second mo-
ments, i.e. N1 Zf\i 1 E[zia),] — Q, while quite common, is also necessary in establishing that
the endogeneity bias in the residual sum of squares does not vary over time and partitions. A
similar assumption can be found in Perron and Yamamoto (2013). The rest of the assumptions
are also common for panel data. We further note that since we only study the case N — oo, we
can allow for diverse forms of serial dependence in x;; and €;;. However, we do not allow for x;;
or €; to be a unit root; this is implied by Assumption 1(ii) and (iii).

The following lemma is helpful in establishing consistency of the OLS break-point estimators.

Lemma 1. Under Assumption 1, the following holds for each t:
(i) NUYY, waa), & Q;

(ii) N~* Zfil zici > a;

(iii) N2 SN xpen 2 0;

(i) NV YL B o2 + o2,

This lemma follows from standard application of the WLLN. Although Theorem 1 below is
shown under Assumption 1, it can be also proved using Lemma 1 alone. Thus, if one wishes to
start from high-level assumptions, Lemma 1 is sufficient for the results in Theorem 1. Therefore,
it also applies to some models with interactive fixed effects. To see that, suppose we replace
¢; by ¢;fi, where ¢; and f; are unobserved scalar random variables, independent of each other,
and E(c;) = 0. Then as long as E(xi:c; fi) does not vary with ¢, Lemma 1(ii) may hold by some
WLLN. Also, E(u?) = E(¢2,) + E(c?)E(f?). So as long as E(f?) is constant over ¢, a common
assumption in interactive fixed-effects models, Lemma 1(iv) will hold as well.

We can now state the properties of the break point estimator fmo. Let 00 = ) — 89 # 0,
and:

def

Sxr (L) € (02 + 02 —a'Q7'a) + (NT) ' 82X MxX"p° (4)
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Theorem 1. [Consistency of the OLS Break Point Estimator]
Under Assumption 1, with N — oo and T fized, and 1 < m® < T —1
(i) SNT(Tpno) = Sy (Too) = 0;

(it) plim(Snr) is uniquely minimized at TO,;

(iii)P(Tpo = TO,) — 1.

This theorem states that the OLS break point estimator is consistent. For the same OLS
estimator, a similar result is derived in Feng, Kao and Lazarova (2009) and Baltagi, Kao and
Liu (2015) for iid data without individual effects. The same result as ours is also in Bai (2010),
Theorem 3.1, but for a break in individual-specific means, without any regressors. To our knowl-
edge, this is the first paper that establishes the properties of the OLS break point estimator in
panel data when fixed effects are present. FD break-point estimators are considered in Qian and
Su (2016) and Baltagi, Kao and Liu (2015).

In contrast to time series, Theorem 1 shows that we can locate the true break-points T%O
with probability tending to one. This is due to a large number of observations N at each point
in time. A large N also allows us to consider break-points at any locations in the sample, even
in adjacent periods. In contrast to Qian and Su (2016) and Baltagi, Kao and Liu (2016), we can
also allow for breaks in the first period.

Theorem 1 also shows that there are two bias terms in plim(Sx,(T;,0)) and therefore in the
sum of squared residuals plim( Sy (T},0)). The first bias term, (—a’Q~'a), is the same regardless
of the partition T),0 considered, and it arises because of the endogeneity bias of the OLS estimators
BO 15(T,,0). Therefore, asymptotically, the endogeneity bias does not play a role in the estimation
of the break-point partition. The second bias term, plim((N T)*lﬁof O/Mff 089 varies with
the partition considered, and is uniquely minimized at the true partition T’r?zo; therefore, the

break-point estimator is consistent.

4 Estimating the Number of Break Points

In the previous section, we assumed that the number of break-points m° is known. In practice,
it is unknown and must be estimated from the data. We propose estimating m® via the following

information criterion:

e . - NT
A are  min IC(m),  IC(m) = log Sxr(To) + [pm + 1) + 3m] 2L

me{l,....T—1} NT (5)



This is similar to BIC: we penalize for the number of parameters p(m + 1), and the break-points
are worth three times a regular parameter: (3m). This is motivated by the bias calculations in
Nimomiya (2005). Hall, Osborn and Sakkas (2013) show that this criterion is more accurate than
the BIC in estimating the true number of breaks in time series. We replaced their sample size by
our effective sample size NT'.

We expect that under Assumption 1, P(m = m®) — 1 as N — oo (proof in progress).
Because of this consistency result, unlike sequential testing, asymptotically there is no impact of
this model selection procedure, so the estimated number of breaks can be treated as known when
estimating the break-point locations. Note again that the endogeneity bias has no impact on the
model selection procedure under Assumption 1.

In practice, evaluation of such a criterion requires calculation of the sum of squared residuals
for a bit less 27 partitions; while T is small, 27" may still seem large. However, because we use the
Bai and Perron (2003) dynamic programming algorithm, which stores and reuses sum of squared
residuals calculated over different subsamples, subsamples which repeat over partitions with dif-
ferent m, the computational cost is greatly reduced, and the program runs fast for example, for

m, T < 20 and N = 500.

5 Slope Estimators and Their Asymptotic Properties

To facilitate presentation, we focus on the case m® = 1 from here onwards, and we treat m® = 1

as known (a consistent estimator is provided in the previous section).?

5.1 OLS Estimators

In this section, we analyze the OLS estimators of 3Y. Recall that B\OLSJ and B\OLSQ are the
first and the last p elements in B\o s, and let k° A 0. As expected, the OLS estimators are
inconsistent due to the fixed effects bias. However, we prove below that the asymptotic bias is the
same for the first and the second sub-sample, so that the OLS estimator go LS = BO LS,1— BO LS,2

of the difference 6° is consistent. We impose the following assumption:

Assumption 2. (i) sup;cy E|zi|*¢ < 00, sup;en Elug[*T < 0o for some € > 0;

(ZZ) limpy oo (Nfl Ef\; ]E[:B,;twgsuituisD = Wt,s-

5 All these results feature straightforward generalizations to multiple break-points, without much further insight.



This assumption is standard and needed for the central limit theorem. Let:

e 0 -1 1.0 —1 /
Ang = (a’ ((Nko)_l Zf\il Zf:l witmét) 5 a ((N(T — k%))~ Zz]\il ?:1k mitﬁ”gt) > ;
o - 0 —1 o _ 1.0 -1
Ans = [((Nko) ! Zi\il Zf:l witw;t) - <(N<T - ko)) ! vaﬂ tT=1k mitwét) ] a;

0 0
T Zf,s:l(wt,s —aa’) T2 Zf:l §=k0+1(Wt,S —aa’)

Wau = 0
T2 ZthkOH Z§=1(Wt,s —aa’) T2 Zfs:kmrl(wt,s —aa’)
-1 -1
EOT—1 0 EOT—1 0
Qﬁ d:ef Q qu Q
0 (T - KT 'Q 0 (T - KOT1Q

Q5 & (I, —1,)3(I,, —I,), with I, the p x p identity matrix.
Theorem 2. [OLS Estimators]
Under Assumptions 1 and 2, when N — oo and T is fized,
. = d .. "~ d
(i) VN(Bors — B° — Ang) = N(0,9p); (i) VN(doLs — 8° — Ans) > N(0,9s).

It follows from Lemma 1(i) that plimy_,, Anes = Q 'a— Q 'a =0, so the OLS estimator
of the difference 6° is consistent as long as N — oo, even if BOLS is not consistent. It can also
be seen from this theorem that BOLS is not consistent for B°. If we let N — oo for A N3, the
asymptotic bias is equal to @ la for both estimators of B9 and B9, and does not equal zero
unless the individual effects are exogenous (a = 0).

This theorem also implies that although 6° can be consistently estimated using OLS, OLS
inference is infeasible because of the presence of a in Ay s and €25, unidentified without further

assumptions. Therefore, we propose alternative methods for inference on both B° and 6° below.

5.2 Consistent Estimators

Given a consistent break point estimator k that satisfies P(% = k%) — 1 (whether it is the
estimator we propose or a different estimator such as the one in Qian and Su (2016) or Baltagi,
Kao and Liu (2016)), we seek consistent estimators of 87, 3. The results in this section can be
applied to any break point estimator ¥ that satisfies P(E = k%) — 1 and are not specific to the
OLS estimator proposed in the previous section.

To get consistent estimators of the slope parameters, we need to resort to some method to

either remove the fixed effects, as is common in the panel data literature, or to instrument the

10



endogenous regressors x;. Since we assume that E[x;se;;] = 0 for all ¢,¢,s, any method that
would either instrument or remove ¢; (e.g. by first-differencing or demeaning of x;;) would yield
consistent estimators.

To our best knowledge, we are the first to provide a comparison between three different
estimators in the presence of weak time-dependence in €.

With no breaks, estimating the demeaned (1) is known to yield the most efficient estimators
of the slope parameters - see Wooldridge (2002).5 In the presence of a break, the equivalent fixed
effects estimator would be to demean (1) over sub-samples [1,k°] and [k 4+ 1,T] and estimate
this transformed model. This is our first estimator (FE), which replaces k% by k. Even when
the errors €;; are iid, we show that another two estimators can be more efficient. These two new
estimators are described below and are specific to the presence of breaks.

Our second estimator (IV) demeans the regressors over the full-sample, and uses them as
instruments in the initial equation. Our third estimator (FFE) demeans (1) over the full-sample,
then estimates the transformed model over the full-sample. Below, we describe these estimators
and compare their asymptotic properties.

Additional notation. Define IV = {1,...,k°}, I9 = {k° +1,...,T}, I = {1,...,%} and
Iy={k+1,...,T}. Let Y= Zfil and ), = Z;:k0+1 be the summation over, respectively,
the first and the second true regimes. Let ) 7 = Zle and ) 5 = ZtT:E 1 De the summation
over, respectively, the first and the second estimated regimes. Let z; = 7! Zthl x;; be the full
sample average, 5?,1 = (K%t i and 522 = (T—k°) =1 3", i be the subsample averages over
the two true regimes, and ;1 = E! > i and T = (T — E)*l > 5 it be the corresponding
subsample averages over the two estimated regimes. Define \° = k°/T. Let v = Yit — Ui
€ = €it — €, B = Titlycpo — AT, Y = iy lyspog — (1 - NO)EY,, and &y = (2,24

FE Estimator. To define the first estimator, the subsample fixed effects (FE) estimator, note
that by Assumption 1, B[z, uy] = a; # 0, but E[(xy —E?j)uit] =0 for all ¢ and for j = 1,2. Thus
we can instrument x;; in (1) with (x; —@;1) fort =1,... ,74:\, and (xy —;2) for t = b+ 1,...,T,
resulting in the usual FE estimators, applied over the two subsamples rather than the entire

sample. The FE population moment conditions, the sample moment conditions” and the slope

5We do not consider the first-differenced estimators in Qian and Su (2016) because they are not the most efficient
estimators of B° unless €;; are unit root, a case we exclude from our analysis.

"This idea of moment conditions can be generalized to include more lags as instruments, in a way similar to
Arellano and Bond (1991). For example, the difference z;: — ;s is also an instrument. More instruments lead to
efficiency gains, but on the other hand, too many instruments lead to poor finite sample properties.
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estimators, for j = 1,2, are:

Population moments: E[(x;; — Egjj)uit] =0, forte I]O, (6)

Sample moments: grg ;(8) = N"' SN, > (it — ®ij) (yae — 2, 35) =0, (7)
~ —1
Slope estimators: Brp ; = (Zf\il > (@it — E”):c;t> SN > (@it — T4 j)yie- (8)
IV Estimator. The instruments (x;; — T; j) are not the only valid instruments for a;; for

example, so are (x;; — ;). Our IV estimator is based on these instruments. The corresponding

instrumental variables moment conditions and estimators, for j = 1,2, are:

Population moments: E[(x;; — T;)ui] = 0, for t € I]Q, (9)

Sample moments: gry;(8) = N~ SN, > (i — ®i) (yie — xB85) = 0, (10)
~ -1

Slope estimators: Bry,; = (ZZJL > (@i — fl)m;t) sz\il > (@it — Ty (11)

FFE Estimator. Alternatively, we could also demean the data over the full sample, resulting

in waht we call the full-sample fixed effects (FFE) estimator. Rewrite model (1) as

@ = A= )8Y — (1= A\)@,B8) + e — &t < K
Yit —Y; = )
_/\05?,15? + (za — (1 - )\0)5?,2)/:38 +ei — €, t>k".

This model can be written more compactly as:
x _ ~a' 230 | ~=b 30 * _ ~ 20 *
Yi = x5y B1 + 23,85 + €, = T, 0° + €5,

_ — = _ 1T _ - - _ 1T 0: .
where v, = vit—T;, Yy =T > 1y Yits €1y = € —€ and & =T >, €. When k" is known, this

model can be estimated via OLS with joint estimation of Y, 39, leading to the FFE estimator:

Population moments: E(x; €},) = 0, (12)

Sample moments: gry(3) = N1 N > Tit(yir — T B) =0, (13)
N -1

Slope estimators: 8% = (Ef\il P @tfét) (Zf\il ST 5#%'}) . (14)

When k° is unknown, we replace k° with % in the definition of Zit. This leads to the full-sample
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driven fixed effects (FFE) estimator, which we denote by Brpp. By Theorem 1, P(k = k0) — 1

as N — 00, 80 B% rp and B rrp share the same asymptotic properties (see Theorem 5).

5.3 Asymptotic Distributions of Slope Estimators

We now derive the asymptotic properties of the FE, IV and FFE estimators when N — oco. We

need the following additional assumptions:

Assumption 3.

(i) limpy oo N1 Zf;l Elzix),| = Q¢ 5 is finite, for all t,s;

(ii) limpy oo N1 Zfil E [w;w!] = W g is finite, andw; = (Zl(mit—fgl)’eit, ZQ(mit—E?’Q)’eit)l;
(ii3) impy oo N1 Ziil E [v;v]] = Wz is finite, and v; = <Z1(wit — ;) uit, Y (it —Ei)’uit),;
(iv) impy oo N1 Zf\il E [(Zthl 52‘1562}) (Zthl %iteft)/} = W/},E is finite;

(v) KO € {2,...,T —2}.

These assumptions merely state the existence of moments in the presence of general weak time
series dependence in z;, €;;. The following three theorems state the asymptotic distributions of

the estimators we analyze.

Theorem 3. [FE Estimators]

Under Assumptions 1-3, when N — oo with T is fized,
VN (BFE - ,30) L N0, Vig),

where Vg = Qflwmﬂfl, with 1 a block diagonal matriz, with block diagonal elements Q-
KOt 5705:1 Qs and (T - k°)Q — (T — k)1 Zzszkg_ﬂ Q s, respectively.

Theorem 4. [IV Estimators]

Under Assumptions 1-3, when N — oo and T is fized,
> d
VN(Brv - B°) = N (0, Viv),

where Viy = lewmngl, with Qo being a block diagonal matriz, with block diagonal elements

KQ —1T71 Zfil 23:1 Qs and (T — K°)Q — T ZtTZkO_H 23:1 Q 5, respectively.

13



Theorem 5. [FFE Estimators/

Under Assumptions 1-3, when N — oo and T is fixed,
VNBrrr — B8°) 5 N (0, Virg),
where Vppg = leﬁv/xgﬂgl, and

0 0
EOQ — 771 Zfiszl Qs S D SrTIRD Dty 1

W= 7157 Koo, (T —k° 7157 Q
- Zs:kDJrth:l t,s ( - )Q_ Zt,s:kDJrl t,s

5.4 Relative Efficiency of Slope Estimators

From the previous section, it is unclear which estimator is asymptotically more efficient. This
might seem surprising, but this result arises because of the interaction of time-dependent errors
and breaks. With no further assumptions on serial dependence, the data-generating process is too
general for any meaningful comparisons. In that case, we suggest stacking the moment conditions
from these three estimators and perform an optimal GMM estimation.

Below, we compare the asymptotic variances of the three estimators under the following

common independence assumptions:
e ¢;; is independent over t;
e ¢;; is independent of z;5 for any ¢, s;
e O, =Q fort =s, and ;s = Q2 otherwise.

Let V[N/'m = Elzsx!,c?]. Under these conditions, we show in the appendix that

-1

,([(C 0 (1-29(Q - Q% 0
Vrg = 0o; —
0 C 0 \(Q - 9¥)
—1
C, 0 c'Bc;! —-ci'BC;t
‘/IV = 052 ! + ! ! ! 2 ’
0 C -cy'BCy! Ccy'BCy?
—1
,([C1 0 D -D
VrrE = 0 + ;
0 Cy -D D
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where

B=(1-22F W~ 201 - )8 ST W+ (A2 0o W,
CL=XNT-1)(Q-9%), Co=00-\)T-1)(Q-Q%, D=X\(T-kQ*

This is the setting of the simulation section 6, but it seems that the precision of estimators still
cannot be compared theoretically without further assumptions®. In the special case of ©* = 0
(regressors are uncorrelated over time), FFE is more efficient than FE because D = 0. This result
shows that there are more efficient estimators than the usual FE estimators in the presence of a
break. In other words, it is better to demean over the full-sample rather than over subsamples,
because in doing so, additional information is used about the relative size of the two subsamples.
If 2* = 0 and x;; is independent of ¢; (random effects), then Vi, = Vppe < Vg, so both FFE
and IV are asymptotically more efficient than FE. This shows that both FFE and IV perform

some type of quasi-demeaning either on the instruments or on the level equation.

6 Simulation Study

This section studies the finite sample properties of our estimators.!? Specifically, we study the
finite sample performance of E, BOL& BFEH ,@IV and ,@FFE. We generate e;; iid N(0,0.5%) over i
and t. ¢; is generated independent of €;;, and is iid N (0, 0.52). We generate x4 as x = V2¢; + zit,
where z;; ~ iid N'(0,0.5), independent over i and t. The slope parameters (39, 39) = (0.1, 0.1).
We consider two cases for the true break point: k° = [T/3] and k° = 2, where [] is the least
integer function. In all cases the results are reported for 10,000 replications.

In Table 1 and 2, we report the MC averages and standard errors (in parentheses) for the
break point estimators. In Table 1, when k% = [T/3], the numbers of time periods before and
after the break are more balanced, and the estimates for the break point are very precise. In
Table 2, when k° = 2, the number of time periods in the first sub-sample is small. When N = 50,
the sample size is not big enough, and % has a big positive bias, but this decreases as N increases

to 100 or 200, as we expect.

81f 2* is not positive definite, then Vprpg cannot be compared with Vrg.

9For two positive definite matrices A and B, A > B means A — B is positive definite.

10The current simulation study assumes that the number of breaks is known and equal to one. Further simulations
with multiple breaks are in progress.
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Figure 1: Histogram of k when k° = [T/3]
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Figure 2: Histogram of k when k0 = 2
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Table 1: (MC Average) break point estimates, when k* = [T'/3]

|

|

| N=50 ] N =100 | N =200 |

T=20 | k=6 6.041 6.010 6.001
T=30 | k=10 10.000 9.995 10.000
T=50 | kY=16| 15.983 15.992 15.998
T =100 | kY =33 | 32.974 32.980 32.996
T =200 | k" =66 | 65.953 65.986 65.997

Table 2: (MC Average) break point estimates, when k¥ = 2

|

|

| N=50 | N =100 | N =200

T=20 |kK°=2] 2921 2.172 2.012
T=30 | K"=2] 3.504 2.201 2.021
T=50 | k=2 4.407 2.254 2.017
T=100| k=21 7.037 2.521 2.020
T=200 | k=21 13.519 3.026 2.018

In Figure 1 and 2, we plot histograms of % around k0. The histograms agree with the result
in Table 1 that our break point estimator performs well, both for a small T and a large T

In Table 3 and 4 we report the bias and standard error of slope estimates based on the four
methods: OLS, FE, IV and FFE. The standard errors are found using the formula in Section 5.
We do not report the standard errors of the OLS estimators, because their standard errors cannot
be computed based on Theorem 2. We find that the OLS estimators have a relatively large bias;
this is not surprising under endogeneity of the regressors in OLS. It can be seen from Table 3 that
FE, IV and FFE all work well for ¥ = [T'/3]. In Table 4, when N = 50, there is a positive bias
for FE, IV and FFE in the first regime. In this case, % has a large positive bias, which means the
first estimated sub-sample contains many observations from the second true regime, leading to
the bias. We also find that the bias of the IV estimator is smaller than that of the other two, but
its standard error is larger. Also, we observe that the FFE estimator has indeed smaller standard

errors than the FE estimator when N = 50 or 100; with N = 200, these differences vanish.
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Table 3: Bias and standard errors of the slope parameter estimates, k¥ = [T'/3]
Method N =50 N =100 N =200
B | B B | B B | B

T =20 OLS 0.348 0.351 0.352 0.352 0.353 0.353

-0.001 0.001 | -0.000 | 0.000 | -0.000 | 0.000

FE 1 0.045) | (0.028) | (0.032) | (0.020) | (0.022) | (0.014)
v -0.003 0.000 -0.000 0.000 -0.001 0.000

(0.056) | (0.032) | (0.039) | (0.022) | (0.028) | (0.016)
FFE -0.001 0.001 -0.000 0.000 -0.000 0.000

(0.042) | (0.028) | (0.030) | (0.019) | (0.021) | (0.014)
T=30 | OLS | 0350 | 0351 | 0.352 | 0.352 | 0.352 | 0.353
-0.000 | 0.000 | -0.00I | 0.000 | -0.000 | 0.000

FE 1 0.034) | 0.023) | (0.024) | (0.016) | (0.017) | (0.011)
v -0.001 0.000 -0.001 0.000 -0.001 0.000

(0.042) | (0.026) | (0.029) | (0.019) | (0.021) | (0.013)
FFE -0.000 0.000 -0.000 0.000 -0.000 0.000

(0.032) | (0.023) | (0.023) | (0.016) | (0.016) | (0.011)
T=50 | OLS | 0350 | 0351 | 0.352 | 0.352 | 0.353 | 0.353
-0.001 | 0.000 | -0.000 | 0.000 | -0.000 | 0.000

FE 1 0.026) | 0.017) | (0.018) | (0.012) | (0.013) | (0.009)
v | 0001 [ 0.000 | -0.000 | 0.000 | -0.000 | 0.000
(0.033) | (0.020) | (0.023) | (0.014) | (0.016) | (0.010)

ppp | 0-000 | 0.000 | -0.000 | 0.000 | -0.000 | 0.000

(0.025) | (0.017) | (0.018) | (0.012) | (0.013) | (0.009)
T=100| OLS | 0350 | 0350 | 0.352 | 0.352 | 0.353 | 0.353
-0.000 | 0.000 | -0.000 | 0.000 | -0.000 | 0.000

FE 1 0.018) | (0.012) | (0.013) | (0.009) | (0.009) | (0.006)

v -0.001 0.000 -0.000 0.000 -0.000 0.000

(0.022) | (0.014) | (0.016) | (0.010) | (0.011) | (0.007)

op | 0000 | 0.000 | -0.000 | 0.000 | -0.000 | 0000

(0.018) | (0.012) | (0.012) | (0.009) | (0.009) | (0.006)
T=200| OLS | 0350 | 0350 | 0.351 | 0.351 | 0.352 | 0.352
-0.000 | 0.000 | -0.000 | 0.000 | -0.000 | 0.000

FE 1 0.012) | (0.009) | (0.009) | (0.006) | (0.006) | (0.004)

v | -0.000 | 0000 | -0.000 | 0.000 | -0.000 | 0.000

(0.016) | (0.010) | (0.011) | (0.007) | (0.008) | (0.005)

| -0.000 | 0.000 | -0.000 | 0.000 | -0.000 | 0.000

(0.012) | (0.009) | (0.009) | (0.006) | (0.006) | (0.004)

True parameter values: (37, 39) = (—0.1, 0.1).
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Table 4: Bias and standard errors of the slope parameter estimates, kK = 2

Mothod N =50 N =100 N =200

B | B B | B B | B
T =20 OLS 0.354 0.354 0.353 0.353 0.353 0.353
FE 0.020 0.001 0.006 0.001 0.001 0.000
(0.088) | (0.026) | (0.068) | (0.017) | (0.050) | (0.012)
v 0.003 0.002 -0.001 0.001 -0.002 0.000
(0.100) | (0.031) | (0.072) | (0.018) | (0.051) | (0.013)
FFE 0.007 0.003 0.002 0.001 0.000 0.000
(0.071) | (0.027) | (0.051) | (0.017) | (0.036) | (0.012)
T =30 OLS 0.357 0.354 0.353 0.352 0.353 0.353
FE 0.020 0.001 0.005 0.000 0.000 0.000
(0.087) | (0.021) | (0.068) | (0.014) | (0.050) | (0.010)
v 0.004 0.002 -0.001 0.000 | -0.001 0.000
(0.099) | (0.027) | (0.071) | (0.014) | (0.050) | (0.010)
FFE 0.009 0.002 0.002 0.000 0.000 0.000
(0.070) | (0.023) | (0.051) | (0.014) | (0.036) | (0.010)
T =50 OLS 0.357 0.352 0.353 0.352 0.354 0.353
FE 0.023 0.001 0.007 0.000 0.001 0.000
(0.087) | (0.017) | (0.068) | (0.010) | (0.050) | (0.007)
v 0.006 0.001 -0.001 0.000 | -0.002 0.000
(0.098) | (0.021) | (0.071) | (0.011) | (0.050) | (0.007)
FFE 0.010 0.001 0.002 0.000 0.001 0.000
(0.069) | (0.018) | (0.050) | (0.011) | (0.036) | (0.007)
T =100 OLS 0.358 0.351 0.354 0.352 0.354 0.353
FE 0.025 0.000 0.008 0.000 0.001 0.000
(0.086) | (0.013) | (0.068) | (0.007) | (0.050) | (0.005)
v 0.006 0.001 -0.001 0.000 | -0.001 0.000
(0.097) | (0.017) | (0.071) | (0.008) | (0.050) | (0.005)
FFE 0.012 0.001 0.003 0.000 0.001 0.000
(0.068) | (0.014) | (0.050) | (0.007) | (0.035) | (0.005)
T =200 OLS 0.362 0.351 0.353 0.351 0.353 0.352
FE 0.026 0.000 0.006 0.000 0.001 0.000
(0.086) | (0.011) | (0.068) | (0.005) | (0.050) | (0.004)
v 0.011 0.000 -0.002 0.000 -0.001 0.000
(0.095) | (0.015) | (0.070) | (0.006) | (0.050) | (0.004)
FFE 0.015 0.000 0.002 0.000 0.000 0.000
(0.067) | (0.012) | (0.050) | (0.005) | (0.035) | (0.004)

True parameter values: (37, 39) = (—0.1, 0.1).
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7 Conclusion

In this paper, we propose OLS estimators of multiple break-points for fixed effects panel data
regression models. We show that these are consistent for the true break-points as N — oo, subject
to a time homogeneity condition. We propose estimating the break-points via an information
criterion. Furthermore, we propose three fixed effects estimators, based on one estimated break
point. All three estimators are shown to be consistent and asymptotically normal with the
same v/ N convergence rate. Their finite sample properties are investigated by simulation, and it

appears that for iid data, the FFE estimators perform best.
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Appendix A

All the proofs are done below for one break point; the extension to multiple break-points is

def

straightforward and ommitted for simplicity. Therefore, we let k° o TV, k = Ty, and we substitute

dependence on partition T;,0,; with dependence on k.

Proof of Lemma 1. For all four results (i)-(iv), the proof uses the WLLN, which is in Appendix
B. The independence requirement is satisfied for all four summands, due to Assumption 1(i).
Further, by Assumption 1, the difference between the summands and their limits have zero
mean. Thus, we only need to check that for some £ > 0, the 1 + £ moments of the summands
exist.

Firstly, since x;;@), is a p X p matrix, we apply the WLLN to each column of x;x},. Let @4
be the ¢g-th element in x;. The ¢-th column in x;x), is thus x; x4, with E|wit$it,q|1+5/2 =

1+¢/2 <( 2+5)1+5/ 2 by Cauchy-Schwarz inequality. Take the supre-

(et glli+e2) |itllo+ellit,ql
mum over i € N on both sides and we have sup;cy E| 2@ 4| 7¢/? < 0o by Assumption 1(ii). Thus
N1 Zf\il Ti1Tit,, converges in probability to the g-th column of @, and N1 Zf\;l T, 2 Q.

For all the remaining three results it is easy to follow the same procedure in the previous
paragraph and show that the required moment conditions in the WLLN are satisfied. Thus all

requirements in the WLLN are satisfied and we have N ! Zf\il zTici > a, N7! Zf\il Tieir = 0

1N P
and N~' 3700, ufy = of + o2, o
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Proof of Theorem 1. Part (i). Assume first that k¥ < k°. Start by noting that:

(NT)Snr(k) = (y — XPBors(k)) (y — XPBors(k))
= (X°8° + u— XBors(k)) (X°B"+u — XBors(k))
— (X938 +u) (I - X(X'X)"1X)(X°8° + u)

Snr(k) = (NT) " uu + 87 (NT) 1 X7 X0 — (NT) 7 XY X((NT) L X' X) 1 (NT) L X' X0) 8°
+ 28" <(NT)_1XVO/u - (NT)‘lkvO/XV((NT)‘IXV’XV)—l(NT)—le’v’u>

— (NT) "W/ X ((NT)"' X' X)"Y(NT)"' X "u. (15)

Note that since T is fixed, division by T through the proof of this theorem is not needed, but
it doesn’t change the results, and makes the proof clearer. Note in the above equation that the
proof of the convergence of Syr (k) only involves four different terms: (NT)~lu'u, (NT )_1§(v 'X,

(NT )*13(/ X and (N T)*lf 'u. We now show that the convergence of the four terms follows

k/T 0 k/T 0
from Lemma 1. Let D} = , DA = and £, be a
0 (T-k)/T (K —k)/T (T —k%/T

vector of ones with length q.

Firstly, in Lemma 1(iv), it is shown that (NT)'w/u 2 02 + 02. Next,

YA D (N_l Y, ‘Bit$§t> 0
0 T Zf:k-&-l (N_l S $itw§t>
T (Nfl i mitmét) 0
T! ZfikJrl (N_l Zi\il witwét) T ZtT:kOH (N_l Zz]\il xitx;t)

(NT)1X'X =

(NT)"'X'X0 =

By Lemma 1(i), the above two terms converge in probability to Dy ® Q and Da ® Q respectively

as N — oo, where ® denotes the Kronecker product of two matrices. Lastly,

Ty (N_l S @i (e + Cz’))

(NT) "' X'u = . N
T! Dtmkr1 (N_l Y1 Tir(€i + Ci))

By Lemma 1(ii) and (iii), for £5 = (1 1)’ the above term converges in probability to Dy - (2 ®a).
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Collecting the results in conjunction with equation (15), we have for k < k°,

Snr(k) L 02 + 02 + 8 (Do © Q — (Da ® Q) (Dy, ® Q)1 (Da ® Q))
+28Y (Dy- (2@ a) — (DA ® Q) (Dr® Q)™'Dy - (2 ® a))

— (D, - (L2 ®a)) (D, ® Q) ' Dy - (62 ® a).

After simplification, it can be shown that the above term is equal to (k(:ﬁ—gwéolQ 89 + (o2
aQ 'a).

A similar procedure can be carried out for & > k°, in which case Syt (k) EN (k_:#JO/Q 80+
(62 + 02 — a’Q 'a). This completes the proof for Syr(k) % S% (k) uniformly in k.

Part (ii), (iii). To show that P(E = k%) — 1, note that 6 Q4" is strictly positive by
Assumption 1(ii), so S (k) attains its unique minimum at k°. Moreover, this function is defined
over a discrete domain k € {1,2,...,7 — 1} for a fixed T. This means the probability of having
a tie when minimizing (3) tends to zero. The consistency of % follows using the same argument

as in Theorem 5.7 in van der Vaart (2000). O

Proof of Theorem 2.

Let B\%LS = B\OLS(kO) be the OLS estimator for B° using the true break point k°. By Theorem
1 P(% = k% — 1as N — oo. Since k = kO implies Bors = B%LS? P(B\OLS = B%LS) — 1. Thus
\/N(BOLS —B°—Apnp) and \/N(BOOLS — B° — Ay g) share the same limiting distribution, and
to prove part (i) of the theorem it is sufficient to derive the limiting distribution of the latter.

By reexpressing Ay g, we can show
oy =0 <= -1 ==n’
VN(BYs — B~ Ang) = (NT)IXYX0) VN ((NT) ' X0~ Dyo - (2 @ a))

k)T 0
where Do = / . It follows from the proof of Theorem 1 that the term
0 (T-kK/T

(N T)_IX/ ' X0 above converges in probability to Do ® Q. Next,

0
LS (miui — a)

VN (NT) ' X%y — Dyo - (fy 0 a)) = =N
VN =1
< ) Y041 (@i — @)
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1 kO
. T =1\ Litlig — @ . ..
By Assumption 1, the summands T 2 (@it ) are independent over ¢ with mean

LS o (@i — a)

zero. The moment condition for applying the CLT is also satisfied, since sup;cy || % Zf’il(mituit —

K0 K°
a)llare < supjen 7 ey (|irtitllare + lal) < supien 7 2= ([®itllavae [ wicllaroe + |a]) < oo by
the Cauchy-Schwarz inequality and Assumption 2. A similar set of inequalities can be applied to

show sup;ey || Z;‘F:koﬂ(mituit — a)|l24+¢ < 0o. The asymptotic variance is:

0
+ 3 (@i — a)
:lr ZtT:kOH(ﬁ”ituit —a)
0 0
LY (@i — a) S (xaun — a)
+ ZtT:koH(wituit —a) + ZtT:koH(ﬂ?ituit —a)
0 0
T2 oy Tl uittis T2 3000 S0 joy @it @l tistis

T /
Dot 5k0+1 LitLis Uit is

1 N
Avar \/_ﬁ g i=1
!/

: 1 N
=lmy oo 7 Din &

: 1 N
= limy oo 3 Y E

0% /T%aa’ (T — k°)/Taa’
KT — k%) /T?aa’ (T — k°)?/T?aa’

_ KO _ K0 T
_ T2 >ts=1(Wis — aa’) T2 31 Ysmpor1(Wes — aa’) W
= - rus

0
T2 ZtT:kOH Z§:1(Wt,s —aa’) T2 ZZ:s:ko—&-l(Wt,S —aa’)

where we use Assumption 1(iii) and (iv) to have % Zfil Elxiuy] 2 a in the first equality, and
we use Assumption 2 in the second equality. Thus all the three conditions in the central limit

theorem are met, and we have
VN ((NT)_lkvo/u — Dy (o ® a)) 4 N0, W,).
Together with the result that (NT)_IXJOIYO 2, Do ® Q, we obtain
VN(BYrs — 8~ Axp) > N(0.9p).

where Q5 = (Do @ Q)" - Wy, - (Do © Q') ™" Together with the result P(Bors = B°) — 1,
we have

VN(Bors — 8° — Ang) > N(0,9Qp). (16)
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The second part of the theorem follows by premultiplying both sides of (16) by (I, , —I,):

VN(dors — 0" — Angs) = (I, , —I,)VN(Bors — 8° — An)

4 (1, , —I,)N(0,93) = N'(0, ),

where Q5 = (I, , —I,,) Qg (I, , —1I)". O

The following lemma is needed for proving Theorem 3 and 5. Recall the definitions 59,1 =

0—1 =0 _ 0y—1 ~a b 0
KO3 @i, g = (T —K°) 72 Y o @i, Ty, = Titlycpo — N acZ Xy = Tiglyspoyq — (1= N )x; 5 and
~a/ ,-Vb/

Tir = (@ @)

Lemma 2. Under Assumptions 1 and 3, we have
(z) NS (@~ E )y, B RQ — (K) T D,

! Z@ 1 0@t — T 2)% = (T-E)Q — (T - k")~ Zfs:kmrl Qts;
(ii) N=V2 3N | w; 4, N0, W), for w; = (Zl(wit — @) Ve, Yoo(xir — 5?,2)/61'75)/;
(iti) N7V S0 5o (o — Eo)ay B K°Q T 0 S0 Qe

N~ Zz 1 2_o(@it — scl) it = S (T-k)Q-T71 Zt k0+1 Zs 185

i) NV 0 2 N0 W) for = (55 o= Sl = 20))
(U) N™ 122 1Zt | T S KQ -1~ 1Zts 1825

YL YL EE b -T Y e Zs:l Qs
N1 Zi:l Et | BT, H(T-k)Q —T71 Zfs:k0+1 Qs
(vi) NTV2SSE ST Faey = N (0, We).

Proof. For (i), we first note that

0 N o’
NZZ 12 (wlt—m ) NZz lleth'Lt NZ@ lwglmzl'
By Lemma 1(i), SN @qxl, B Q for every t. By Assumption 1(i) and (i), 58152/1 is inde-
pendent over i, and the moment condition in the WLLN (in Appendix B) can be shown to be
satisfied. Applying the WLLN, together with Assumption 3(i), we get

N kO
1 . / 1
LD DT R S PR I X an
=1 =1 t,s=1 t,s=1

So % SN (e — z) )], 2opoQ — k0 Ef,(;:l Q5. The second part of (i) concerning the
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corresponding result for the second regime can be derived similarly.
We now derive (ii). By Assumption 1(i), (iii) and (iv), > ;(@is — z1)€zt is a mean-zero
process, independent over . Also, by the triangle and Hdélder’s inequalities and Assumption 2,

1501 (@i — T eitlloree < oy llir —
A similar set of inequalities can be derived for the (24 &/2)* moment of Y, (z; —faz)eit. So, the

sup; ¢ || @it 4+¢ sup; ¢ ll€itllae < oo

(2 4+ £/2)"" moment of w; exists, for some & > 0. By Assumption 3(ii), the asymptotic variance
Avar ( —1/2 Zl 1 w1> = W also exists. Applying the CLT for an independent sequence, we
obtain that

El(wit - 521)%

> o(@it — 5?,2)%

N-125N ;= N-125N N0, W ). (18)

For (iii), it can be shown, using Lemma 1(i) and 2 that

_ N — _ N k0 _ T _ N
N~ Zi:l 21(33% - xl)x;t =N"1 Zi:l Zl witw;t - Zt:l T! Zs:l (N ! Zizl wisw;t>
0
L R0Q-T7! Z?:I 23:1 Q5.

For (iv), by Assumption 1(i), (iii) and (iv), > i (@it —Ti)uie = Y1 (@it — %) e+ (Tt — i)
is a mean-zero process, independent over i. Again by the triangle and Holder’s inequalities and
Assumption 2, the (2+¢/2)" moment of > o1 (@i —@i)uie and Y, (@i — T;)uiy can be shown to be
bounded: || 3= (zit—Ti)uitllaye/a < 3o |Bit—Tillare [[wiellare < 2K sup;y [|@icllare supyy [Juitllare <
00. So, the (2 + £/2) moment of v; exists, for some ¢ > 0. By Assumption 3(ii), the asymp-
totic variance Avar ( —1/2 ZZ 1 vz) = W, also exists. Applying the CLT for an independent

sequence, we obtain that

(@i — @) uy
Y ool@ir — Ti)ui

NN o= N2y L N0, W) (19)

For (v), it can be derived that
1NN T azay_ 1 — k0)0z0 —0’
N 2im1 Qi TTG) = & Zz 1 (21 Taxy T Ty )

Using Lemma 1(i) and the result in (17), we can show that the above converges in probability to

KQ —T171 Zfil ’il Q¢ s. The two other results in (iii) can be shown accordingly.
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For (vi), the summand Zthl xii€;, has mean zero by Assumption 1(iii), and is independent
over i by Assumption 1(i). Its (2+&/2)"" moment can be shown to be bounded under Assumption
2 using the triangle and Holder’s inequalities. Further, its asymptotic variance exists and is equal

to ﬁv/m by Assumption 3(iv). Thus we can apply the CLT for an independent sequence to obtain

_ ~ . d —
N~1/2 Zf\; Zthl Tiel, — N (0, Wge).

Proof of Theorem 3.

Define B% g to be the FE estimator based on the true break point. Using the same argument

as in the proof of Theorem 2, P(% = k% — 1 implies that P(B%E = BFE) — 1; so it is

sufficient to show v N (B% £ — B°) has the same asymptotic distribution described in Theorem 3.
0

As in Section 5.2, we use the notation Z?; and Z', to denote the subsample averages over the

first and the second regime. The corresponding fixed effects estimator for the first subsample
~ -1

: N — N —

is ,B%EJ = [Ei:l Yo (@i — m?}l)m;t} Yoy > (i — mgl)yit, and for the second subsample

—1
o . _ . k0 _
B%E,Q = [Zz]\il > o(®it — w22)x§t] EZJL > (@it — mg,z)yit- Since » 3y (@i — wg,1)ci = 0, we

have, in matrix notation,

VN (B%E - ﬁo) =

-1

N — N —

N it 2 (@it — m?,l)m;'t 0 _\/IN > i1 2o (@it — w?,1)fit
N - N _

0 OINEDDACTES 5‘3?,2)5’3215 _\/1N > i1 2oo(®it — 33?,2)fit

Note that here we need Assumption 3(v): if kY = 1 then x;; = 521, and so 3Y is not identified
using FE. Similarly, if k% = T — 1, then 39 is not identified. In Lemma 2(i) and (ii), we derived

the limit of all terms in the above equation. Putting them together, we get
VN (B%E - [30) L N(0, Q7 W7,

So \/N <BFE - 160) i N(Ov Qflwzeﬂfl) 0

Proof of Theorem 4.
Same as in the proof of Theorem 3, we can take k° as known to obtain the asymptotic distribution

of the slope estimator, denoted B?V, and argue that the asymptotic distribution of B\?V and BIV
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is the same. For ﬁ(}v, we have

VN (B - 8°) =

-1

N - N -

N it (@i — Tl 0 \/Lﬁ > im1 2 (Tie — Ti)uir
N = N —

0 N vt Lo(@it — Tl \/Lﬁ i1 2o (it — Tiuie

In Lemma 2(iii) and (iv), we derived the limit of all terms in the above equation. So we have
VN <B§>V - [30) 4 N0, Q7 TW 4 250).

When £° is unknown, v’ N (B\IV — BO) A N(o, QQ_IW:I:QLQQ_I)‘ 0

Proof of Theorem 5.
We have

~ -1 B
VN(Bypp —B°) = (N_l sz\il ZtT:1 witm;t) (N_1/2 Zz]\il Z?:l zitEft) :
By definition

1N T ~a~a 1N T ~ab
N7l D Thxy, N7oDil D THTy,

Nt Zf\il ZtT—l TitTj, =
= = _ N T ~b~q — N T =b=v
Nt dim1 =1 Ty N ! D1 D=1 Ty

which converges, as is shown in Lemma 2(v), to

0 0
FQ—-T71 3 ) Qs —T7 s Y D
1T kO 15T
-T! Zs:ko—i-l Zt:l ﬂt,s (T - kO)Q -7t Zt,s:ko—i—l Qt,s

I
&

Further, by Lemma 2(vi),
_ ~ 4 d —~
NT1/2 Zi\; ZtT:1 xirel, — N (0, Wy,).

Thus \/N(B%FE—,BU) LA N(O0, leﬁfmﬂg—l), and consequently \/N(,@FFE—BO) 4 N(O0, leﬁfmeﬂgl)

when k0 is unknown. O

Calculation of the variance of the FE, IV and FFE estimators.

All the following results are derived under the assumption that €;’s are independent over ¢ and
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t. We first compute Vrg = Qflwweﬂfl. To find W, := N1 Zf\il Elw,;w], note that

0 . 0 . .
ww — f,szl(mit - $21)($is - T?J)/fiteis Zf:l sT:k;0+1(=’I3it - 93?,1)(9315 - m?g)/eitfis
[t 0 . . . .
ZtT:kO—o—l 215:1(5% - 3322)(3%3 - w?,1),€z‘t€is ng:koﬂ(wit - w?,g)(wis - mgg),GitEis

(20)

We then take the expectation of all the four blocks. The upper-left block in the matrix has

expectation equal to

0
b oo Bl — 20 (i — B0,) €ineis)

= SF o El(@i — 70, (@is — 70, JEesrci)

= S El(@i — 70, (i — 2, ) |Ele3)]

=8 (Q (KT Qs — (R Qg+ (1) 2R T Qs,t) o?
= (K0Q = (K Hoy Qs = (K0 Ly Qe+ (R0 2 T Q) o

— (K°Q — (k) hoy ) o2
Following the same steps, we can find the expectations of all three other blocks in (20):

S ko1 0 Bl — @) (is — 0, ) eireis] = 0
S S o 1 Bl (i — @) (s — 0, eireis] = 0
ZZs:kO-s-l E[(zi — 522)(%3 - 5?,2)%#61'3}

= (T = K)Q = (T = k)L F o4y ) o2

_ Q — (k9150 0
Thus, Wz = 02 @-(*) te=17"0 = 02Q).

0 (T - kO)Q - (T - ko)il ZZ:S=I€O+1 Qt,s
So Vpg = 06291_1. Under the simplification €2 ; = @ for ¢t = s and Q; , = Q* for t # s, we have

-1

, [ =1)(Q -9 0
Vrg = 0;
0 (T -k —1)(Q — )
(e o) [a-wme-a 0 B
“\\o o 0 K/T(Q — Q)
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for C1 = K1 —T71)(Q — %) and Cy = (T — k%) (1 — T~H(Q — Q).
Next we compute Vi, = Q;lwmﬂf. To find W, := N7} ZZ]L E[v;v}], we derive
0
Lot (@it — B) (Tis — T wipwis POHTD Dl o1 (@it — B (is — T wipuis

/
Zf:koﬂ Z’;:l(icit —T;)(xis — Ti) witis Zt75:k0+1(wit —T;)(xis — Ti) witis

The upper-left block in the matrix has expectation equal to Zﬁ(;:l E[(xi — ;) (s — ;) (€ir€is +

ci€is + €itci + c2)]. First,

f,i:1 E[(zit — ;) (xis — Ti) €inéis]
= f,(;:1 E[(zit — %) (xis — ;) |E[eieis]
= ¥, Ellen — 2)(@a — Z:) |E[E)
= (kOQ -7 Zz]‘il Yey Qs — T Zfil POHIE UWESY Sl D DD Dl Qt,s) o = Ajo?.

Next, by the independence of €;; with ¢; and x;s,
E[(xi — i) (2is — Ti)'cieis] = (T — %) (®is — X3) ci]Eless] = 0.
So both fo;:l E[(xit — ;) (xis — F;) cieis] and fo;:l E[(xi — ;) (s — T;) €4¢;] are zero. Lastly,
E[(zi — ®i)(2is — ®:)'c?] = E[zyxl,c?] — ElxyTic?] — E[xxl,c?] + E[Zxic?.

(3 1871 1871

Summed up over t,s =1,..., k", we get

0 —~ 0
Zzﬁs:l E[(xlt - Ei)(mls .’El)/c,?] t s=1 Wt s Zf:l K0T ZZ:I [thwzsczQ]
0
— k0 25:1 T ZtT:l [:Dlta:zscz] + (K0)?T 2 Zt 1 Zs 1 E[wnwwcﬂ
dct

-
= (1 KT S0 Wi — 2K9/T(1— K T) S S Wi+ (R0 T2 ST oy, Wee & B,

1871

where Wt s .= E[zyx) c?]. S [Zt se1(Tit — ;) (45 — Ei)’uituis} = Aj0? + B. We follow the

same procedure to find the limit of the other three submatrices in (7), which gives us
0
[Z a0y (@i — i) (s — Ti)/“it“w} =-B;E [ZtT:kOH S (@i — i) (s — Ti)’uituz's] = —B;
E [Zz:szk0+1(wit —Z;)(xis — ji)/uituis} = Ayo? + B.
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where Ay = (T—kO)Q—T_l ZthkOH Zle Qtvs_T_l Z:{:ko—&-l Zle Qs,t+T_2(T_k0) ZtT:1 25:1 Qs

__ A O B -B
Therefore, W4, = ‘752 ! + . Under the condition Q,; = Q* for t # s,
0 A —-B B

imposed in Section 5.4, A; can be simplified to C; = k%(1 — T71)(Q — Q*), and Ay to Cy =
(T - k°)(1 — T71)(Q — ©*). Furthermore,

-1
C; 0 C; O c'Bc! —-c7'BC;!
Q, = 1 = Viy = 062 1 i 1 1 1 2

0 C, 0 C, -c;'BCcy! C;'BCy!

Finally, we compute Vppp = Q3 117[733695 1. Using the simplifying conditions in Section 5.4,

O K1 -T7HQ — K°(k° — )T~ 10" —k9(T - EOT 10"
5=
—EO(T — K0T (T — k)1 —T1Q — (T — KO)T — k° —1)T'Q*
K1 —T7Q — Q) + k9T — kK0T Q* —k%T — K0T 10~
—koT — EOT1Q* (T -1 -T7(Q — Q) + k(T - &°)T~'Q*
C: 0 D -D
= + , where D = kO(T — kO)T-1Q*.
0 Cy -D D
—1
C, 0O D -D
Thus, Vrpg = 052 +
0 Cy -D D

Weak Law of Large Numbers

Let z; be a ¢ x 1 zero-mean vector that is independent over i. If for some & > 0, sup;ey E|2;|*1¢ <
00, then N1 Zf\il Z; 2.

Central Limit Theorem

Let z; be a ¢ X 1 zero-mean vector that is independent over i. Also let E[z;2]] = Q;, a ¢ X ¢
positive definite matrix, and Q = limy_,oo N7} ZZJL Q;. If for some & > 0, sup;ey E|2?¢ < oo,

then N~23N 2 4 N (0, Q).
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